PUBLISHED BY INSTITUTE OF PHYSICS PUBLISHING FOR SISSA
RECEIVED: October 9, 2007

ACCEPTED: November 27, 2007
PUBLISHED: December 12, 2007

New twist field couplings from the partition function
for multiply wrapped D-branes

Dario Duo and Rodolfo Russo

Centre for Research in String Theory, Department of Physics,
Queen Mary, University of London Mile End Road, London, E1 4NS, U.K.
E-mail: p.Duo@gmul .ac.uk, R.Russo@gmul .ac.u}

Stefano Sciuto

Dipartimento di Fisica Teorica, Universita di Torino and INFN, Sezione di Torino,
via P. Giuria 1, I-10125 Torino, Italy
E-mail: Bciuto@to.infn.it

ABSTRACT: We consider toroidal compactifications of bosonic string theory with particular
regard to the phases (cocycles) necessary for a consistent definition of the vertex opera-
tors, the boundary states and the T-duality rules. We use these ingredients to compute
the planar multi-loop partition function describing the interaction among magnetized or
intersecting D-branes, also in presence of open string moduli. It turns out that unitarity
in the open string channel crucially depends on the presence of the cocycles. We then
focus on the 2-loop case and study the degeneration limit where this partition function is
directly related to the tree-level 3-point correlators between twist fields. These correlators
represent the main ingredient in the computation of Yukawa couplings and other terms
in the effective action for D-brane phenomenological models. By factorizing the 2-loop
partition function we are able to compute the 3-point couplings for abelian twist fields on
generic non-factorized tori, thus generalizing previous expressions valid for the 2-torus.
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1. Introduction

The relation between the modular and the unitarity properties of open string amplitudes
have played a crucial role in deepening our understanding of string theory. For instance,
Lovelace [l] studied the modular transformation of 1-loop non-planar open string ampli-
tudes. By requiring that these amplitudes do not contain cuts, he discovered the critical
dimension of bosonic string theory. More than twenty years later Polchinski [P] used the
same modular transformation between the open and the closed string channels on the 1-
loop partition function with Neumann and Dirichlet boundary conditions. By doing so
he was able to show that D-branes are actually dynamical objects that have gravitational
couplings with closed strings.

The same interplay between modular transformations and unitarity properties exists
also for higher loop amplitudes. For instance, the open string diagram for the 2-loop
planar partition function is a Riemann surface with three boundaries and no handles.
This surface can be described either in the closed string channel as in figure flla, or in
the open channel as in figure [[b. In the first case, by unitarity, one should be able to
decompose the result into a 3-vertex among closed strings and three boundary states. In
the open string parametrization, on the other hand, the same amplitude should factorize

into three open strings propagators and two 3-point vertices among open strings. This
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Figure 1: The twisted open string partition function with three borders and no handles (i.e. on
each boundary different left/right gluing conditions are imposed). In Ela the amplitude is depicted
in the closed string channel, while in Elb it is modular transformed and the open string propagation
is manifest.

double description of the 2-loop partition function is particularly interesting when different
left /right gluing conditions are imposed on the various boundaries. In [[J] the bosonic
contribution to the twisted g-loop partition function was computed by using the closed
string description and then was modular transformed in the open string channel. It was
also shown that the factorization of the 2-loop diagram provides an effective strategy to
compute the couplings among twists fields (o), which is alternative to the stress-energy
tensor technique of [f]. From the Conformal Field Theory (CFT) point of view, these o.’s
are operators implementing a change in the boundary conditions for the (complexified)
bosonic coordinates. The boundary conditions induced by the o.’s are appropriate to
describe open strings stretched between D-branes with constant magnetic fields [[i] or D-
branes at angles [[jf]. This kind of open strings is one of the main ingredients in D-brane
model building (for a recent review see [[i] and the references therein). The 3-twist field
correlators mentioned above provide the non-trivial part of the Yukawa couplings' g -
[[d, f] and of other terms in the effective action generated by stringy instantons [[7, [.
In this paper we generalize the results of [fJ] in various ways. We compute the bosonic
contribution to the planar g-loop partition function for open strings on generic tori with
both multiply wound D-branes and non-zero Wilson lines or open string moduli. Then we
use this result to derive an explicit expression for the 3-twist field correlators valid beyond
the case of 2-torus. However, in our computations, we still keep a technical assumption:
the monodromy matrices characterizing the open strings stretched between the D-branes
must commute, see eq. (B.). This is always the case when the gauge field strengths on
the various branes are themselves commuting or parallel. However this more stringent
condition is not necessary and we are able to compute the partition function also for some
setups involving oblique fluxes (according to the nomenclature of [[J]). On the other
hand the assumption (B.J) will restrict our final results on the twist field couplings to
the abelian case. The D-brane configurations studied in this paper can be promoted to

! Actually the twist field couplings play the same role also in phenomenologically interesting compactifi-
cations of Heterotic string theory [E, E,



supersymmetry preserving setups, once they are embedded in superstring theory. This is
achieved simply by imposing some constraints on the magnetic fluxes to satisfy the D-term
and the F-term conditions. Moreover the latter ones are often automatically implied by
our hypothesis (B.1), since it ensures that there is a particular complex basis for the torus
where almost all magnetic fluxes are described by (1, 1)-forms.

As it was done in [JJ], we compute the twisted partition function in the closed string
channel by using the operator formalism (see 20, PJ] for detailed discussion). This approach
requires particular care in dealing with some phase factors present in the definition of the
string vertex operators and boundary states. The origin of these phases is well-known: in
toroidal compactifications the logarithmic branch cut of the bosonic Green function can
sometime become visible and it is necessary to compensate for this by adding to the string
vertices a phase known as cocycle (see for instance the paragraph “A technicality” in section
8.2 of 7). All cocycle factors were ignored in [fJ], but this had no visible effects because,
as we will show, these phases were not crucial in the particular examples considered there.
However, in general, the partition function is unitary, in the open string channel, only when
all phases have been taken into account. This comes as no surprise because the partition
function of figure [Ja contains a sum over all possible 3-string vertices and the effect of the
cocycles becomes clearly visible since they yield relative phases between different terms.
The presence of these cocycles has some consequences also on the precise formulation of
the T-duality transformations. In fact these transformations should preserve both the
spectrum and the interactions, including, in the latter case, the phases needed for ensuring
the locality of the interactions. This does not happen with the naive version of the T-
duality rules usually written, and we show that it is necessary to introduce some cocycle
phases also in the T-duality transformation to recover a consistent picture.

Then we study the degeneration limit of the g = 2 partition function in the open
string channel, see figure [[b, and derive an explicit form for the 3-twist field correlators on
arbitrary tori. This computation, in presence of multiply wrapped D-branes, provides a
concrete example showing that the cocycle phases are crucial for unitarity already at the
level of the 2-loop partition function. Our result on the 3-twist field couplings generalizes
previous expressions valid for configurations that are completely factorized in a product of
2-tori [13[L6, f], which requires that both the background geometry and the D-brane gauge
field strengths are non-trivial only along the same orthogonal T?’s and all “off-diagonal”
entries are put to zero. Even in presence of commuting fluxes this is a very particular
situation, where the so-called classical contribution to the 3-twist field correlators is written
in terms of Jacobi Theta-functions. In general, higher genus Theta-functions appear and
so the Yukawa couplings that arise in non-factorized D-brane models will have a more
complicated structure and a richer moduli dependence than those derived so far for the 72.
However, we still find the same separation between Kéahler and complex structure moduli
and only the latter ones enter in the expressions for the classical contribution (this in the
magnetized setup, of course the roles are switched in the language of D-branes at angles).

The structure of the paper is the following. In section f] we briefly review the main
features of the string dynamics in toroidal compactifications. We pay particular care to the
cocycle factors in the definition of the vertices and of the boundary states. We show that



these phases enter in a non-trivial way also in the T-duality transformation of the states
with non-zero Kaluza-Klein or winding numbers. In section B we revisit the computation of
the twisted partition function discussed in [ and include the effect of the Wilson lines and
the D-brane multiple wrappings. The only hypothesis we still take is to restrict ourselves
to the case of commuting monodromy matrices (see eq. (B-1)). In section f] we focus on
the g = 2 case and study the unitarity properties of the result. By doing so we derive the
general expression for the 3-point correlators between abelian twist fields. Finally some
technicalities are left to the appendix.

2. Toroidal compactifications

2.1 Some properties of T2¢

A 2d-dimensional real torus T%¢ is defined by a collection of 2d vectors ajs in the Euclidean
space R2%: T2¢ i simply R?¢ modulo the identification with integer shifts along the a’s

2d
=z +2mVa Z May , VeeR* and Mez. (2.1)
M=1

One can choose a Cartesian reference frame and write the components of each vector ajs
as af;. Then the metric on T2 is2 Guyn = Z?Iil a$;a%,. The components of each aj; can
be used to fill in the column vectors of a square matrix £, = a$,; then, by construction,
E is a vielbein matrix satisfying

G='FE , 1='E7'GE™". (2.2)

The inverse matrix E~! instead has the dual vectors ™ as rows: Z?Iil aMa%, = 5. Of
course any other matrix £/ = OF obtained by means of an orthogonal rotation O of F

is a good vielbein matrix. We can also introduce complex coordinates and the complex

vielbein &, such that
1 (11
E=SE , S=— 2.3
() s

where all the four blocks of S are proportional to the d x d identity matrix. Two sets
of complex coordinates are inequivalent if they cannot be connected by a unitary trans-
formation. Thus the SO(2d) ambiguity in the definition of the E’s implies that on the
same real torus there is a set of inequivalent complex structures which is parametrized by
SO(2d)/ U(d). Notice that in the complex coordinates the flat metric G is off-diagonal

G=telget =857 = (? é) : (2.4)

In presence of a constant antisymmetric two-form, there is a particular complex struc-

ture that plays a special role. Of course in our applications this 2-form will be the gauge

2In our conventions the coordinates with the indices M, N, ... are parallel to the lattice defining the
torus; they have period 27y’ and are referred to as the integral basis.



invariant combination between the Kalb-Ramond B-field and F', the magnetic field on the
D-Branes: F = B + F, thus we will indicate this antisymmetric tensor with F already in
this section (notice the different convention with respect to [[j], as here the factor of 27a/ in
front of F' is reabsorbed in the definition of a dimensionless magnetic field). Its expression
in a real cartesian basis is

F.='E"'FE'=EG'FE". (2.5)

and is related by a similarity transformation to the combination G~'F which will be the
most relevant in the following sections. The antisymmetric matrix F. can be reduced to a
block-diagonal form Fy, 4. by means of an orthogonal rotation O (where the subscript is
just to recall that this transformation depends in general on F)

0 fd tr—1 —1 —1 —1
Fig = = 'B;'FE;' = E;G7'FE; T, 2.6
b.d. <—fd 0) f f f f ( )

where fg is a d x d diagonal matrix with real entries f,,. The vielbein matrix Ey = Oy E
transforms at the same time the metric G into the identity and F into the block-diagonal
matrix (2.6). Of course we can use the vielbein matrix Ey to introduce a particular set of
complex coordinates (£; = SEy) which diagonalizes G™1F

—ifq 0

@) = g, lFe ! =

) =gl FE!, (2.7)

where tgf_lfﬁf_l is a block-diagonal matrix. From (R.7) it is easy to see that, in this
complex basis, F is a (1,1)-form. In the following we will always use, as Cartesian basis,
the one defined by the vielbeins E; or &f, thus we will drop the subscripts without risk
of ambiguities. Finally let us recall the definition of the complex structure as the mixed
tensor

. o .. __ 0
Z—ldz®£—1dz®£. (2.8)

In the following sections we will need the expression of Iab in the integral basis, which is
easily derived by using the complex vielbein &:

(2.9)

2.2 Closed strings on 7%

The coordinates of the closed strings propagating on 72% with a constant background B-
field can be written as a sum of left and right handed fields, and the world-sheet is described
by a free CFT. Then we have the usual mode expansion

XM XM z M ,—m
zl (z,2) = =4 (2) + Xa (Z), where X}/(2) = 2™ —iv2d/af/ Inz +iv2/ D Gmz
2 m
m#0

(2.10)



and the complexified world-sheet coordinates are

T+io

z=e and z=¢ 17, (2.11)

7 and ¢ being the world-sheet time and spacial coordinates respectively. Upon canonical
quantization, the commutation relations for the oscillators in eq. (R.1() are

[a%,aivn] = némmGMN, and [mM,aéV] = V2o GMN | (2.12)

and similarly in the right moving sector. The allowed winding and Kaluza-Klein modes are
encoded in the Narain lattice which depends on the background fields G and B as follows
M GMN N M GMN N
al = ﬁ+G/—B/m],OZ: [ﬁ—G,JrB,m],
0 \/E{N (Gyn NN') 0 NG N — (GnyN NN')
(2.13)

are respectively the Kaluza-Klein and winding numbers operators.

where 7y, and mM

Let us now consider the interacting theory and pay particular attention to the phases
necessary when the target space is compact. The basic building block is the tree-level
coupling among three generic closed strings (Reggeon vertex). Since there is no preferred
ordering of three points on a sphere, this vertex must be invariant under the action of
the permutation group exchanging any of the punctures. The usual emission vertex valid
in the uncompact space does not have this property when it is naively generalized to the
T?¢ case. This is a well known issue, related to the compactness of the target space, and
it is a consequence of the logarithmic branch cut of the bosonic Green function. Similar
problems arise also in the usual formalism of the vertex operators describing the emission of
particular on-shell string states (see, for instance, section 8.2 in [29]). In order to eliminate
this branch cut one has to add suitable cocycle factors to the usual expression of the vertex
operators. Here we tackle this issue exactly in the same way by generalising these cocycle
factors to the Reggeon vertex formalism.

In order to see that the usual 3-string vertex for closed strings is not invariant under
the permutation of the external states when the target space is a torus, it is sufficient to
focus on the zero-modes contribution. The explicit form of the full vertex V3 can be found,
for instance, in [§ and its zero-mode part is simply

2 2
exp Z abIn(zj — 2)Gad) + Z ayIn(z; — %)Gag) | (2.14)
§>i=0 J>i=0

where the z; (i = 0,1,2) are the positions of the three punctures on the sphere (which is
represented as the compactified complex plane); the upper index identifies one of the three
external states, and all space-times indices have been suppressed. The oscillator part of the
3-string vertex is invariant under the exchange of the strings 1 « 2, while the zero-mode
contribution (P.14)) gets a phase given by

exp [—im (agGaf — G§Gag)] = exp |:—i7'(' <ﬁ1m2 + m1ﬁ2>:| , (2.15)



where we have used (R.1J). By using this result, we can build a new invariant vertex with

a cocycle factor that compensates for the phase (R.1§). A possible choice for this cocyle
factor is

VE = Vyexp {%T <mm2 - mm)] . (2.16)

By using the conservation of the Kaluza-Klein and winding numbers of the emitted strings,
the vertex (R.16) is now easily shown to be invariant under the full permutation group acting
on the three punctures.

However, the cocycle factor added seems to break the vertex invariance under T-
Duality transformations. For instance, there is a particular T-duality transformation that
exchanges the Kaluza-Klein and winding operators. If its effect could be simply written
as 1 <> m, as it is usually done, then we could have that V5" — —V5 for certain external
states. In order to clarify this point, let us see the transformation properties of V5 under a
generic T-duality transformation. These transformations can be encoded in a O(2d,2d,Z)
matrix [R3]

T=<a2) . with ab+bla=0, cd+dle=0, ald+blc=1, (2.17)
C

where a, b, ¢ and d are 2d x 2d matrices and their constraints follow from the group

definition, namely
1
J=TJ'T |, J:GO). (2.18)

Let us observe that, as J = J~!, by inverting the relation above, one finds that also 7T is
an O(2d,2d,7Z) matrix with similar constraints imposed on its entries. The duality acts as
follows on the geometrical background

G'+ B =[a(G + B) + b [«(G+ B) +d " (2.19)
and on the string oscillators

an =Ty o =T 'y, (2.20)

n o

where
Ty = [e(£G + B) +d]". (2.21)

Notice that one can prove [RJ| that ‘T .GTy = G’. Focusing now on the zero-modes,
we can derive from (R.2() the action of the T-duality transformation on the winding and
Kaluza-Klein operators

A="tdi + o ="en +lam = A =an+bim, W =ch+dn  (2.22)

Then the transformation law for the vertex (2.16) is
Ve = Véc'em[tﬁgdtcﬁngtm'lbtam'2+tﬁ/1dtangrtmgbtcﬁgJﬁ'lmg] (2.23)

2
=i I1 {eiw[zM<N<<ﬁ;>M<dtc>MN<ﬁ;->N+<m;->M<bta>MN(”“9)N)+tm9 btmﬂ}

J=0

)



where in the last line we used of the conservation of windings and momenta. Thus the
vertex (R.16) is fully symmetric under permutations of the external states, but is not
invariant under the T-Duality transformations (R.2(). However, it is interesting to notice
that the phase (which is actually just a sign) generated by the transformations (R.2() can
always be written as a product of three terms each one depending only a single external
state, as it is done in the second line of (2.23). This means that the invariance of the
vertex (B.1() under T-Duality can be restored, provided that we introduce the appropriate
cocycle also in the T-duality transformations, as a generalisation of the standard rules
discussed above and in [R3]. In fact it is sufficient to postulate that the closed string

states transform according to (R.24) and also acquire the same phase in the curly brackets
of (2:29)

|n’m> _ eiﬂ[ZM<N((fz’)M(dtc)MN(fL)NJr(rh’)M(bta)MN(ﬁL')N)thm’btcﬁ’] |n/’m/> ) (2‘24)

We will see in the following section that this is indeed the case when considering boundary
states describing magnetised D-Branes as dual for instance to configurations of purely
Dirichlet or intersecting D-Branes.

It is not difficult to generalize the analysis above to the case of a Reggeon vertex
describing the interaction of many closed strings. This can be obtained just by gluing
together the 3-point vertices (2.16) and the result is

. N
i . R
VNi1 = Vg1 exp 5 Z (nimj - mmj> . (2.25)
j>i=1
Here Viv41 is the standard vertex, where the cocycles are ignored and, as before, the indices
i, 7=0,1,..., N label the N + 1 external states.

2.3 The Boundary State for a wrapped magnetized D-Brane

In this section we study, from the closed string point of view, the space-filling magnetised
D-Branes with generic wrapping numbers on the torus cycles (see [24, R5 for previous works
on this subject). In the closed string sector D-Branes are described by boundary states
|Br) that enforce an identification between the left and right moving modes (for a review
of the boundary state formalism in the Ramond Neveu-Schwarz formalism see [26, R7]).
For magnetized D-branes we have

(G+F)a, + (G —F)a_,]|Br) =0, VnelZ, (2.26)

where we used the gauge invariant combination of the Kalb-Ramond B-field and the field
strength F' on the D-brane: F = B + F. In the integral basis, the magnetic field is
quantized as a consequence of the compactness of the torus,

Fuy = , (2.27)

pyp N being an integer matrix and wjs being the wrapping numbers of the D-Brane along
the cycles of the torus. Clearly eq. (R.26)), being a set of linear constraints, fixes the form



of the boundary state up to an overall factor that can also depend on the Kaluza-Klein
and winding operators. We will now show that the boundary state for a magnetised D-
Brane does indeed contain non-trivial phases that depend on the winding numbers and
on the field F'; moreover it turns out that this phase is strictly related to the phase that
closed string states acquire under T-Duality. Following [2§], we consider the gauge field
contribution to the action in the string path-integral as an interaction term that acts on
the standard boundary state for an unmagnetised D-Brane wrapping the 72¢. We want to
derive the dependence of |Br) on the magnetic field by applying the usual path ordered

Wilson loop operator Plexp (32— § Adx)] to |Bp—g). The computation was performed
in [2g] in a Minkowski flat target space, while the novelty of the present calculation? is the
compactness of the torus wrapped by the D-Branes. As the non-zero modes contribution
to the boundary state is not affected by the shape of the target space, we will mostly focus
on the zero-modes. Of course, our aim is to determine all the F-dependent terms that
cannot be fixed from (R.26). In order to do so we have to pay some care to the definition

of the Wilson loop operator.

2.3.1 Gauge bundles and gauge invariant Wilson loop

Any gauge potential for (2.27) will involve a linear, and thus non-periodic, function. Let
us start from the simpler case wy; = 1, VM. As usual, we need to compensate for the non-
periodicity of A by introducing a set of gauge transformations Uy. Each Uy encodes the
gluing conditions for the gauge potential between two copies of the torus that are adjacent
along the N-th direction in the covering space. So the gauge potential living on a D-Branes
world volume wrapping a cycle of the compactification torus must satisfy

Ay (x + 2W\/JaN) = Un(z) (270/i0y + Apr(2)) U (), (2.28)

where an denotes the N-th cycle of the torus. In the case under analysis, all gauge
transformations Uy belong to U(1) and so the formula above can be further simplified. We
choose not to do it, so as to keep the equations (P-28)—(P.31]) valid also for the non-abelian
generalization that we will need once we reintroduce multiple wrappings. The background
gauge field (gauge bundle) is properly defined by eq. (B.27) together with the set of Uy’s.
In order to have a consistent bundle, the gluing matrices must satisfy the overlap condition

U;r\,(x)U;(/[ (x + 277\/561]\7) Un <x + 277\/5611\/1) Up(z)=1. (2.29)

All fields charged under the gauge potential have to obey periodicity conditions similar
to (R.28). For instance, fields transforming in the fundamental (®) or in the adjoint (V)
representation must satisfy

P (w + 277@@]\7) =Un(z)®(x) , ¥ (ac + 2#\/&(1]\/) = UN(x)\If(x)U;{[(x) . (2.30)

As a consequence of eq. (R.3(), under a generic gauge transformation ~y(x), the gluing
matrices Uy transform in the following fashion

Un(z) — v <x + 277\/561]\7) Un(2)yf(2) . (2.31)

3 An analogous calculation is performed in [@], we thank I. Pesando for letting us know their results
before publication.



Notice that there are no restrictions on ~y(x) and in particular it does not have to be
periodic. So the form of the Un’s can change under a gauge transformation.

We now focus on the definition of the Wilson loop operator we need for the computation
of the magnetized boundary state. Let us consider a path ¢ connecting two points that are
separated by the lattice vector Z%dzl mrar, my, € Z (which means that they are identified
on the torus). In order to be consistent with our convention for F, this path will start from
z 4 2mV/a! Z%dzl myrar, and end in x. Then it is clear that the naive path ordered Wilson
loop operator is not gauge invariant,* but transforms as

2d
prAmyﬁyggPWLAwyﬂ<x+2wﬂ?§:muu>- (2.32)
L=1

We can recover a gauge invariant object if we multiply the Wilson loop (R.33) by a sequence
of U’s which forms a discretized version of the path c¢. By using (2.29) we can choose to
collect together all shifts along the direction K = 1, then those along K = 2 and so on. In
formulae we have

2d my—1 K-1 '
[H H Uk <x + 2V Z mray, + 27T\/Jma1(>] P[e2rrla’ chdx] , (2.33)
L=1

K=1 m=0

where only the values myg > 1 are relevant (if we have mg = 0 for certain K, then the
corresponding Ux does not appear in the product). By using (R.31) and (R.39) (and (R.29)),
one can check that (2.33)) is invariant under an arbitrary U(1) gauge transformation ~(x)

(and does not depend on the initial point z of the path c).

2.3.2 Wrapped D-Branes as non abelian gauge bundles

A D-brane with multiple wrappings (wy; > 1 for some M) is better described [Bd, BI]
in terms of a non-trivial gauge bundle on the torus 72¢ [BJ]. In the D-brane language
this amounts to considering a set of w = H?\gzl wys coincident D-branes with the same
gauge field strength (R.27), but with non-trivial transition matrices Ups. The non-abelian
character of the configuration is encoded in the Up’s that, as consequence of (R.30), glue
together the various D-branes in a single wrapped object. In absence of magnetic fields,
this can be easily seen by choosing as Ujps the following wp; X wpys transition matrix

0100---0
0010---0

Unm = Pupyxcwy, = [ 00010 | (2.34)
1000--- 0

Notice that, when F' = 0, a D-Brane wrapped wj; times along the M-th cycle of the torus
can be smoothly deformed, at the classical level, into wy; coincident branes [B3, B4]. This
means that there is a family of flat gauge bundles interpolating between (R.34) and Uy = 1.

“and even depends on the initial point x of the path c.

,10,



In order to introduce the effect of the magnetic field (R.27) on the D-Brane, it turns
out to be convenient to choose a fundamental cell of the torus lattice where this field is
in a block-diagonal form. This can be always done [B§] (see also the appendix for a more

pedestrian proof), so from now on we take

, (2.35)

b1

Wi
0
0
0

o§|§3 o o

0
0
0
P2
Wa

where p, € Z and W, € Z — {0}, Va = 1,...,d. Notice that even if the field F' now
describes a direct product of d T?%’s inside the T2¢, the compactification is in general non
factorizable as a consequence of the form of the metric. The p,’s can be interpreted as
the Chern classes of the magnetic fields while the W, ’s are the products of the couples of
wrapping numbers on each of the 7%’s inside 724,

Two comments are in order now. First, if p, and W, are not co-prime, the configuration
can again be smoothly deformed, at the classical level, to a new configuration with co-prime
pl, and W/, and pl,/W! = pa/Ws. Second it is not necessary to specify all the wrappings
of the brane along each cycle of the torus. In fact it is possible to show that configurations
of magnetized D-Branes with the same product of wrappings along the pairs of cycles of
the T?’s inside the T2¢ defined by the form of the field (2-35) are equivalent. Indeed the
transition matrices defining the gauge bundle of a brane wrapped along a T2 are related by
a gauge transformation if they describe branes with the same Chern class p and the same
product of the wrappings W. Thus we can choose to wrap the branes W, times along the
even directions zps = w9, only. We will also make the following gauge choice for the gauge

potential (P.35)

AMEQOC(.%') = 5/—ax2a_1 + 271'\/&0204_1 and AMEQOC_l(x) = 27‘(’\/&0204 s Va = 1, N d,
: (2.36)

where we have introduced non-zero Wilson lines 27va/Cys, with Cys adimensional. In
this way the non abelian gauge bundle describing the magnetized wrapped D-Brane is

characterized by

Uza(.%') = 1W1><W1 ®...R PWaXWa & 1Wa+1><Wa+1 ®X...R 1Wd><Wd (237)
Pa \/L_I%IQQ
Uza—1(2) = lwyxwy @ - @ (Qwox o )P* @ Iwa i xWaiy @ -+ @ Ly xw, € ;

where Qw, xw, = diag {1,e2”i/ Wa . e2mi(Wa=1)/ Wa}. Notice that the form of the tran-
sition matrices Upys is not affected by the presence of the Wilson-lines as for them the
relation (R.2§) is trivially satisfied by the identity gluing matrix.

The generalization of (R.33) to this non-abelian setup is straightforward and the oper-

ator we need to use to derive the magnetized boundary state from the unmagnetized one
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reads

2d mK—l K-—1 '
Oa = TT{ H H Uk <$c1 + Z 2nva/ipar, + 27r\/ama1<>] Plezra’ chdIcl]} ’
K=1 m=0 L=1

(2.38)
where the z2’s are the usual string coordinates (R.10) and the rp’s are the operators that
read the winding numbers of the closed string states. In this non-abelian generalization we
have to put U(z) at the right hand of the sequence and then follow the order determined
by the path c.

2.3.3 Computation of the Boundary State

We can now compute the action of O4 on the unmagnetized boundary state |Bpc) =
O4|Ba=). The unmagnetized boundary state for a wrapped D-Brane is found from the
one of an unwrapped brane (see [B7 and references therein) by applying the same opera-
tor (.3§) with the choice

Ay =0 and Ug = Luyxw @ -+ @ Pugxwr @ Lug i xwgerr @ - X Lugyxwgg s (2.39)

with P defined as in eq. (.34). In this case the trace in (R.3§) reads

2

My
I vk
K—=1

and it is different from zero only when the windings of the emitted closed strings are integer

Tr (2.40)

multiples of the wrappings of the D-Brane on each cycle of the torus. Hence only these
states couple to the wrapped D-brane, as expected, and we have

o
[Bazo) = VDet(G+B) Y [ e R0 0w m) (2.41)

mMeczZn=1

where there is no sum understood over the repeated index M; Ry = (G — B)"(G + B)
is the identification matrix between left and right moving oscillators and depends on the
geometric background of the torus; finally the ket |0;wpm™) represents the closed string
vacuum state with zero Kaluza-Klein momenta and winding numbers equal to wy;m™ for
M=1,2,...,2d.

It is easy to begin by turning on only the Wilson lines and to keep vanishing magnetic
fields on the D-brane world volume. We have just to isolate the Wilson line contribution
to O4 in (R.3§) when acting on |Ba—), namely

L1 od O
|BC> = eVa! fc 4 |BA:O> _ e27r C m|BA:0> ) (242)

The explicit evaluation of the contributions of the magnetic fields F' is longer. It can
be split into the zero and non-zero mode part of the string coordinate z(z,z) defined
in (R.1(). Let us focus on the zero-mode part of the computation, since the non-zero mode

contribution has just the effect of replacing B with F in (R.41)), see [R§. A first result is
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that the magnetized boundary state couples only with the closed strings whose windings
in the a-th T2 (as defined by the form of the magnetic field in (R.3)) are integer multiples
of W,. This is again a consequence of the trace in (P.3§) where the transition matrices are
defined as in eq. (2.37). It is convenient to define the 2d x 2d matrix

Wiy 0
w = 0 Wy --- ® laxa (2.43)

and use wm to indicate the 2d column vector containing the windings of the closed strings
emitted by the magnetized D-Brane. We can also see how the action of O4 yields the
relation between windings and Kaluza-Klein numbers

A= —Fnm, (2.44)

which is usually derived from the identification imposed by eq. (R.2¢]) on the closed string
zero-modes. For this, it is sufficient to focus on the zero-modes contribution linear both in
the position operator ¢M = (xM + iM) /2 and in the oscillators «g or djy. Using the form
of F in eq. (B:3§) with the gauge choice (R.36) and the transition matrices (R.37), we can
evaluate this contribution as follows

|Bp) ~ o Va7 Lozt HsM2a-1d20 fza 0" "zﬂla/%(5’%—1”%—1)(0{3&*@3&)|0; wm)
Pa d200—1 A
1Za 1 W M2a— l\ﬁe iyn_ g Wa f m2a|0 wm> = |—me wm> . (2.45)

Notice that at this stage we can forget about the path-ordering in the Wilson operator
O4 and explicitly perform the integration in the first line of the previous equation, as
the zero-mode contributions of the string fields entering the Wilson loop in O 4 commute
with each other at different values of o. Finally let us consider the terms quadratic in the
zero-modes o and &g that follow from the standard Wilson loop exponential in eq. (2.3§),

27 Pa 2a—1 2a ~2a—1 200 2a 1~ 2a 2c0—1 ~2p
e QZQ 1Jo do g (0‘0 Ay~ &y T +ay

27 Wa a")7 7| = Fwm;wm) (2.46)

. . ~ M ~ N
— e ir >, Wapam2a—1m2a|_me;wm> — o 1T Xpen M Funit |— Fwm;wm) .

The phase in (2.46) could not have been deduced just by looking at the constraints (2.24).
So the expression for the boundary state describing a magnetised D-Brane is

|Brc) = VDet(G + F) X, gm0 € miaren MU EMm 2niCin (2.47)

X [H e~ wOhGRal |—Fwm,wm),
n=1
where the identification matrix R is
R=(G-F) G+ F). (2.48)

Even if the phase in eq. (2.47) has been calculated for a block diagonal F, in the appendix
we will prove that eq. (R.47) holds for a generic I (see eq. (R.27)), a part for possible half
integer shifts in the Wilson line.
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Let us now analyze how eq. (R.47) transforms under an O(2d,2d,Z) transforma-
tion (R.17). Generically, after the T-duality, we have a new magnetized D-brane with

F'=(aF —b)(—cF +d)™', R =T"'RT,, (2.49)

as it can be seen by using the relations in (R.23); moreover, since F' is an antisymmetric
matrix, also F” is antisymmetric, thanks to constraints in (2.17). If the combination (—cF+
d) in (R.49) is not invertible, then the transformed D-brane will have some direction with
Dirichlet boundary conditions. For instance, we can check that any magnetized brane can
be easily related to a lower dimensional D-Brane at angles via T-Duality. First let us put
the magnetic field in the block-diagonal form, as in eq. (2.3§). Then, we T-dualize the even
direction of each of the T2’s defined by F inside the 72¢, that is, we choose the following
0(2d,2d,Z) matrix

10 00
a=d=14xq ® (0()) and b=c=13xq® (01) . (2.50)

By using the action of the duality transformations of the Kaluza-Klein and winding oper-
ators, as in eq. (2.29), the phase (R.46) can be rewritten as

: d P 2 : d ~ .
eflﬂ—zazl Wz(wa)mQQ—lmQa — e*lTl’Za:1 m’2an’2a . (251)

Notice that this phase exactly compensates for the one that the closed string states in
the ket of (2.47) acquire under T-Duality, as stated in eq. (R.24). Thus we see that the
boundary states for purely geometrical configurations of D-Branes (like brane intersecting
at angles) do not contain any non trivial phase depending on the emitted closed strings
zero-modes, as expected. By reinstating the g; dependence and using the results of [Bf], it
is possible to show that also the prefactor y/Det(G + F) transforms into the one expected
for the boundary state of a D-Brane at angle.

It is also possible to transform any magnetized D-brane into a D-brane with Dirichlet
boundary conditions along all the coordinates of the torus. In this case, the matrices ¢
and d defining the T-duality are related to the magnetic field F' = ¢~ 'd. When F is block-
diagonal (R.3]), one can choose ¢ = w given by (2.43) and easily build integer matrices a
and b satisfying eqs. (R.17) using the fact that the wrappings W, and the Chern numbers
Do are coprime. Exactly as in the previous example, the phase of the magnetized boundary
state cancels against the phase generated by the T-duality transformation (2.24). Thus one
recovers the standard form of a Dirichlet boundary state, where the identification matrix
is simply R = —1.

Finally the transformations on the closed strings zero-modes (B.24) show explicitly
that the Wilson lines in (P-47) are related to the positions of the D-Brane if the dualized
directions have Dirichlet boundary condition. For the case of the D-branes at angles, in
each of the two-dimensional tori inside the 72¢, half of the components of the Wilson lines
becomes positions and the remaining ones are still interpreted as residual Wilson lines on
the dualized brane. When the D-brane is transformed into a point in the compact space,
then all components of the Wilson lines are geometrized into positions of the dual D-brane.
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3. The twisted partition function

In this section we will compute the bosonic contribution to the open string twisted partition
function for multiply wrapped D-branes. The planar partition function Z,(F) is obtained
by starting from the tree-level vertex (2.25) and sewing the external legs with boundary
states describing magnetized D-Branes with Wilson lines turned on (R.47). From the world-
sheet point of view, this means that we start with a sphere and cut out g + 1 boundaries
representing the magnetised D-branes. Thus we are dealing with a Riemann surface of
genus zero, with g + 1 borders and no crosscaps; in the open string channel it corresponds
to a g-loop diagram.

We start from the result obtained in [[j] for D-branes without multiple wrappings and
where all cocycle phases were ignored.’ In the open string channel, one of the D-branes
(whose identification matrix is indicated with Rp) is singled out as the external border of
the diagram; thus it is natural to introduce the monodromy matrices S, = R, 1Ru7 with
w=1,...,g, whose eigenvalues are e=>™ (e =1,2,...,d). The only assumption we will
make on the monodromy matrices S, is that they commute with each other, namely that

[SH7SV] =0. (3.1)

Notice that this does not imply that the identification matrices R; with ¢ = 0,...,¢g also
commute with each other. Of course the converse holds and (B.])) is implied by the require-
ment that [R;, R;] = 0. By following the classification of [[9] this more restrictive constraint
is related to configurations with parallel magnetic fluxes. However, while eq. (B.1]) is invari-
ant under the T-Duality, the constraint among the identification matrices R is not, as they
do not transform by a similarity transformation (see eq. (R.49)). Thus we will consider the
slightly more general class of configurations satisfying (B.1]). In this case, it is convenient to
perform a T-Duality and transform the zero-th D-Brane into a purely Dirichlet D-Brane,
i.e. with Ry = —1. As discussed in the previous section, this can be done with a T-duality
having ¢~'d = Fy. With this choice we have S, = — R, and the commutator above can be
rewritten as

G'F., G =0, (3.2)

with 4 = 1,...,g only. This implies that there exists a complex basis in which all the
G~1F, are diagonal as in eq. (R.7). Moreover it implies:

(G (F, — F,),G"Y(F, — Fy)] =0, Vi, o =1,...,9—1; (3.3)

as a consequence, for a generic G one can deduce that a fundamental cell of the lattice
torus exists where all the field differences (#; — Fy) are simultaneously block diagonal. At
any time, we can use again the T-duality rules discussed in the previous section and go
back to the original system with all magnetized D-branes.

5We follow as much as possible the conventions of that paper.
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We start from eq. (3.29) of describing the g-loop partition function in the open
string channel

g d
—imed T det T —
Zy(F) ~ | ] \/Det(l—G—lfM) /[dZ]g A T] [e Ry (1)
p=1 a=1 €

(3.4)
where [dZ] g 1s the untwisted (F; = 0) result and €* collects in a vector of length ¢ all the
twists €*; 7 and Tz are the standard and the twisted period matrix respectively. A©)
is the classical contribution to the partition function calculated in in absence of the

cocycle phases and setting all of the D-branes wrappings to one:

g—1
AO =37 A expimi Y af@S; DS, of ¢ (3.5)
f,o=1

where D is a space-time matrix determined by the S,,’s and the sum is over all the winding
numbers that satisfy the Kronecker’s deltas representing the identification (R.44) for each
boundary state and the Kaluza-Klein and winding conservations (recall that closed strings
emitted by the D-Brane with Ry = —1 are characterized by unconstrained Kaluza-Klein

momenta and no winding numbers):

g g g
A= |]]6(u+ Fuiy) |6 (Z n) A (3.6)
=0 p=1

=1

All the e-dependent ingredients, including the function R, and the matrix D, are defined
in and, of course, depend on the moduli of the Riemann surface. We do not need the
precise form of all these ingredients, but only some properties that we will recall later in
this section. Notice that the classical contribution (B.H) is nontrivial only for g > 2: for the
annulus we have A® = 1 and eq. @) reduces to the partition function in the uncompact
space [B1].

In this section we complete (B.F) to include also the effects of the cocycle phases,
multiple wrappings and open string moduli (Wilson lines and/or D-brane positions). The
classical contribution is the only part of the partition function that is affected by this
generalization, as it is clear from the form of the interaction vertex (R.2) and of the
magnetized D-Branes boundary states (R.47). Basically we need to include in the sewing
procedure the cocycle factor in (P.25) and the phases (R.47). Of course by following this
approach we are effectively working in the closed string description. However the new
contribution is independent of the world-sheet moduli and thus can be directly included in
eq. (BA4) which is written in the open string channel. It is then clear that, in the expression
for A, we will have the same exponential of eq. (B.§) multiplied by some additional factors
related to cocycles. So let us consider these new contributions: by using (R.24), (R.44)
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and (R.47), one can see that all the phases from the cocycles and the Wilson lines yield

g g
exp | 27i ZCHmH—l—YOﬁO X exp Wiz Z mﬂd(FH)MN mff (3.7)
=1 =1 M<N
T o
xexp{ o > (T Furi, + muFim)
v>p=1

where Y encodes the position of the zero-th D-Brane which is point-like along the torus
directions. By using (B.§), we can eliminate my, from these sums. Then it is easy to see
that we can rewrite the dependence on the open string moduli as follows:

g1 2mi gf "oatin
exp{ 271 Y [Cp— Cy+ Yo(Fj — Fy)l g p = #=1 . (3.8)
a=1

The second exponential in (B.7) comes from the boundary states; using the conservation
of the winding numbers, the exponent can be rewritten as follows:

9 g—1 g—1

~ M ~ N ~ M N ~ M ~ N
D D Fadaeii =30 > i (B = 0 Y g (Fy)arwiiy - (3.9)
p=1M<N fi=1 M<N fo=1 M<N

g—1
exp |—mi Z Z mg/[(Fﬂ,;)MNm]VV , (3.10)
f,0=1 M<N
where
Fﬂ,} = lpp = F,) — Fg 5 for v 2 ﬂ (311)

Observe that in order to obtain this final form we have changed the sign of the combination
Yo M<N my(FH)MNmﬁf as each term of the sum is integer (see the appendix).

Thus the total contribution from the various phase factors is just the product of (B.§)
and (B.10). This expression has no dependence on the metric of the torus and, in particular,
eq. (B.1() provides just some relative signs between contributions related to different values
of . Moreover it depends only on the differences (F, — F,); therefore, thanks to eq. (B.3),
we can always consider Fj; block diagonal.

Let us now reconsider the exponential in (B.5). By using (B.13), (B.-44), (B.9) and the

various conservation laws we can rewrite it as follows
e g-1 973 973
expd 537 G [1 - (67U F)°] P Do) [1 = (671 ] Pons (3.12)
[@ﬁ:l

where we explicitly remind that D is a function of the space-time matrices S. It is conve-
nient to rewrite (B.13) in the complex basis defined by the vielbein £, where the G~1.F;’s
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are diagonal and denoted by ]:Z-(d) as in eq. (B.7):

N L |

(3.13)
where now each Dy is d x d diagonal matrix that depends on the eigenvalues of the §,’s.
The square parenthesis in (B.13) is contracted with a symmetric combination of 7, so

we can symmetrize it. Then, by using (R.4), one can easily check that (B.1J) is equal to

. g—1 A
oo 2 5 ey ey (1= ) (1= ) (T 0 el oo
=1 s

where the d x d diagonal matrix® Tap 18 given by:

N |

i [Djo(€) + Dop(—e)] - (3.15)

Expressing £ in terms of the real vielbein E (£ = SE, with S given in eq. (.3)) we
can go to the real basis, where eq. (B.14) reads:

S iaA

. g1
m . 7o iT )
exp 5 Z tmﬂ tE\/(l - (]igd))Q) <1 — (]:lgd))Q) ( A =5 ) E|myp, (3.16)
1 i

s —17T
M?V:

where 7° and 74 are the symmetric and the antisymmetric part of 7, in the exchange of
i, U. As 7 is purely imaginary and I'm 7° is positive definite because of the Riemann bilin-

ear identities [B§ and moreover < 1—(F éd))2> = dap | (1 - féd)> |, the convergence
ab aa

of the series in eq. (B.5) is assured.
Following [BY] we can rewrite the Born-Infeld square roots above in yet another way

by using another important consequence of the Riemann bilinear identities [Bg):

.sin(me;) sin(mep — meg)

Cuv = Cy [Dpi(€) — Dop(—€)] =1

DO =

0 U=, 3.17
" sin(meg) ’ H (3.17)
where also C; and the sines are d x d diagonal matrices whose entries depend on the
different values of €. This will be useful for the analysis of the degeneration limit in the

next section. The 2d x 2d matrix diag {sin(me,),sin(me,)} can be written as:”

sin(me,,) 0 B 1
( 0 sin(ﬂ@)) B \/%' (3.18)

6Qur 7 is equal to the T of [@]7 we indicate it with a different symbol in order to avoid confusion with

the standard period matrix.
"We will not keep track of the sign choices for the square roots: they clearly depend on whether each €,
is negative or positive.
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This can be checked by rewriting the sine in terms of exponentials which are directly related

to the components of S in the complex basis: sin(me;) = [{/2 — St =Sulaa/2, @ =

1,2,...,d. Also, using the same procedure, we have

i0 @ _ (d)
(10

oY R
sin(mep = meég \/ (1= F"2) (1= F")
with ]:;(Ld) defined as in eq. (2.7). From (B.1§) and (B.19) one can see that
(1 0 ) ( (d) (d))
Fy' = F
0 —1 1% g
Cﬂ,} = C,,ﬂ = for >0 . (3.20)

O ER) (- o)

Thus we can eliminate the square roots in (B.14) in favor of C; then it is convenient to
decompose 7 into its symmetric (7°) and the antisymmetric (74) parts. Hence we can
use eq. (B7) to rewrite the diagonal fields (@ in terms of the F’s, take advantage of the
identity F,, — F, = F,, — F),, insert the contribution of the cocycles given by eq. (B.1() and
finally get the classical contribution to the twisted partition function describing wrapped
D-branes on an generic 7%

« M N gil oativa
A= ZA exp i Z Z tmﬂ (Fﬂg)Mle; e A=t (3.21)
f,o=1 M<N
mi 4 = 20
Xexp{ — Z tmﬂts ¢ s |+ ¢ 2A tﬁ'*lFﬂf/mﬁ
2 ~ 0 - /. 0 T /-
f,0=1 111 j11%

where Fj;p is the matrix defined in eq. ().8 Then the full partition function is simply
given by (B.4), where AWO) is substituted by the complete expression above.

If we restrict ourselves to the case of a factorizable torus 72¢ = (T?)¢, then (B:21)
agrees? with the results of [B]. In order to make contact with their setup it is first useful
to perform a T-Duality in such a way that the singled-out boundary with identifications
encoded in the Ry matrix is transformed back to a magnetized D-Brane. From (R.49) we
can compute the transformation of the difference between two gauge field strengths

Fl~ F| = (F'c+ 'd) " () - F)(cF, —d)™" . (3.22)

In particular the duality we performed to put Ry = —1 had d = cFy. Then by combining
eq. (B:29) with the transformation of the winding numbers (R.29), the amplitude (B.21)

8The inverse of C' must be meant only with respect to the Lorentz indeces, at fixed i and .
9 Apart from some factors of two.
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reduces to the following product of terms, each one related to a single 72

g—1 -g_lt JT
w . t A~ M ~ N 2mi AZ Pa™Mp
(roye = D Aexpqmi 3 D g (Fao)uwing poe 7! (3.23)
f,0=1 M<N
d g—1 o o
TN e | (BSED)Y p@ g (1Al @),
5 ; yA Y me
: (Illexp 2 f,0=1 G <C(€a) )[m i C(e) it po v
where now
Fp = Fpp = (Fo — Fp)(Fo — Fy) " (Fy = Fp) , for 0> [, (3.24)

pping = [Cp — Cy(Fo — Fy) ™ (Fo — Fp) — Co(Fo — Fy) ™' (Fy — Ey)] 1y

and Z(® is the complex structure of each of the T%’s defined as eq. (2.9). This can be
compared with eq. (A.28) of [BY]. The norm of the vector v; appearing there is related

to the Born-Infeld square roots: |v;U|//UaT> = wpy/ <1 — (féd))z). One can use this

in (B.20) and ([.§) together with the explicit expression for the T2 complex structure ([£7)
to check that the two results are related by a further T-duality that exchanges T' < —1/U.

4. Twist fields couplings on 129

In this section we will focus on the vacuum diagram with three boundaries (i.e. g = 2)
and study the degeneration limit where all three open string propagators in figure [Ib
become long and thin. In this situation the partition function factorizes in two tree-level
3-point correlators between twist fields. This result provides the main contribution for
the computation of the Yukawa couplings in string phenomenological models and of other
terms in the effective action generated by stringy instantons [, [[§]. For g = 2 the only
non-vanishing entry for 7 is clearly 7:151, which has been computed, at leading order in
this degeneration limit, in [J]. Again the novelty of the present computation resides in the
analysis of the classical part (B.21]), while all other ingredients of the partition function (B.4)
factorize exactly as before, since they do not depend on the wrapping numbers or the Wilson
lines. In the degeneration limit under study we have [§] that D;1(¢) — 0 from which

(TCS((GE))>11 — —laxd (4.1)

thus the exponential in the second line of eq. (B-21) becomes

Tt o N
exp{gtmlf(Fg — Fl)ml} s (42)

where we have introduced the complex structure of the torus in the integral basis as in
eq. (.9). In order to write the final form of the amplitude as a sum over unconstrained
integers, it is necessary to solve the conservations (B.§), which, in the case under study,
become

ny=—Fimy , ng=—Fomg , my1+ma=0. (4.3)
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Of course the solutions must have integer Kaluza-Klein and windings numbers, so there
must exist a minimal'® integer invertible matrix H such that FyH and F»H are integer
matrices and the solution can be written as 1y = Hh, with h € Z2?. Then we define 7’ =
'HT'H !, which is still a complex structure, and F = 'H(F, — F})H; so the degeneration
limit of the amplitude (B.21]) in our g = 2 case is

A= Z exp{g

hEZQd

WI'Fh+2i ) hMFMNhN] } x exp {2mi'p1Ih} | (4.4)
M<N

with a possible half-integer shift of p; (see the appendix for further details).

By unitarity it must be possible to rewrite the result in (f.4) as a sum where each
term is the product of two functions that are one the complex conjugate of the other. Each
function represents the classical contribution to the coupling among three twist fields,
while the quantum contribution follows from the factorization of the other terms in the
partition functions (B.4), see []. The presence of the sum is due to the fact that the
vacuum describing an open string stretched between two magnetized D-branes has a finite
degeneracy [ in compact spaces. So each string state has a number of replica and the
various terms in the sum describe the couplings between these different copies of the twist
fields (of course this is exactly what we need, in phenomenological models, to describe the
Yukawa couplings for different families). Let us see how this works in the simple case of
the 2-torus.

4.1 The two-torus example

For a generic tilted torus the metric can be written as a function of the Kéahler and complex

(1 U o [01
U2<U1 ]UP) (10) ’ (45)

having defined the complex structure as U = Uy +iUs and the Kéahler form as T' = T +i75.

Thus the vielbein (P.4) reads
> (1 U
= —_— — 4-
£ V 20, (1 U) (4.6)

from which one can write the explicit form of the 72 complex structure in the integral basis

i 0 1 (U —1
T=te(! te=l— _— [ 1 A7
<0 —i) Uy \ |U? UL )’ (47)

The magnetic fields on the two magnetized D-Branes are identified by the Chern numbers

structure moduli

p; and the products of the wrappings along the two cycles of the torus W;:

o 0 W i =1,2 48
(2 —&O 9 ? y S (')

W;

9By minimal we mean that any other matrix with the same property is an integer multiple of H.
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One can easily check that the matrix H is simply proportional to the 2 x 2 identity, namely

H = W1W5 /8 @ 1ax9, where § = G.C.D {W;, Ws}. This implies that eq. (.4) can be put

in the following form!!

hi 1
S exp{ —S B+ |UPhE + 2Uhiha] + 2miCarh™ (4.9)
2 Uy 0
hl,hQEZ
with 21172
WiWs (p2  m WiWs
g MiWs (b2 P _ o WAl 4.10
i <W2 w1> SLALES (4.10)

where we introduced the intersection numbers
Li; = piW; — pjW; (4.11)

and

Cyp = Wiy [(Fl — FQ)Yb + (Cl — Cg)]M . (4.12)

We want to perform a T-Duality in such a way that also the zero-th D-Brane is magnetized.
The intersection numbers are invariant under this operation, while the form of the matrix
I is modified due to the transformation of the wrapping numbers. Recalling that the T-
Duality relating a Dirichlet to a magnetized brane is encoded in an O(2,2,7Z) matrix of the

type in eq. (B.17) with!?

d= 0 =po and ¢ =y = Wo ® laxa, (4.13)
po O

it is possible to show, combining the invariance of I5; with eq. (B-23), that W1 — Ip; and
W2 — 120. Thus

I To1121129
e
with § = G.C.D. {1, 10} = G.C.D. {1z, I10, I21}, since we can make use of the property
I WO + IQOWl + Ip1 Wg = 0. Under the same duality the open string moduli transform as

(4.14)

follows ~
e — S and Y= @G (4.15)
" o (Fo — F) 0= TOM0 ‘
hence
7 ~0) | 17 A1) 1 ~(2)
Cu W()IlQCM + WlfgocM + WQIOlCM . (4.16)

where the superscript (i) indicates the three boundaries and the subscript M is the Lorentz
index.

The configurations studied [[J] had § and all W; equal to 1. In this case I is always
an even number, since it is the product of three integers that sum to zero. Thus the
contribution of the cocycles in (f.4) is irrelevant and (f.9) can be rewritten as it was done

"1n the configuration of [E] one gets I > 0, otherwise one should write |I|, because of the note before

eq. ()

12We indicate with a tilde the quantities in the picture with a magnetized zero-th D-Brane.
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in [f]. We choose not to do that here, because it is easier to deal always with (.9) without
treating the case W; = 1 separately. In order to factorize the amplitude above and find the
Yukawa couplings corresponding to the states of the open strings stretched between pairs
of D-Branes with different magnetic fields on their world volume, it is necessary to first
perform a Poisson resummation on the integer hy

—+00 —+00 2

—mAR2+427hl As 1 wAs? fwhf%rihls
e 1 =—=¢ e A , A>0. 4.17
) i > (4.17)

hi=—o00 hi=—00

This yields a new form of the same amplitude which is easy to factorize once we introduce
a new pair of integers, r and k, through the relations

l
hlzrl—l—l:I(r—i—f) and hy=k—r, (4.18)

where [ = 1,...,[. It is manifest that in this way both the former and the latter pair of
integers range in the whole Z. Notice that this is ensured by summing over the additional
integer [ as well. Simple algebraic manipulations then lead to the product of two Jacobi
Theta-functions as follows

Lo [L_1a L_1a _
A:\/Q—(I]QZﬁ[f %2151 (0|IU)><19[1_%51](0\—IU) (4.19)
=1

This result generalizes the one of ref. [ff] and is in agreement!® with the section 3.1.3 of [[[Z],
as we find that, if the intersection numbers I;; are not coprime, one has Ioloil21/ 5% non
vanishing Yukawa couplings, labeled by the integer I. Indeed, in the dual picture involving
intersecting D-Branes, every open string living in the intersection between two fixed D-
Branes, say for instance i and j, will only couple to |I;,I;;|/ 2 strings from the intersections
between the D-Brane k and the D-Branes i and j [[1J].

4.2 Twist fields couplings on a generic T°¢ compactification

In order to factorize the classical contribution to the partition function (f4) in the most
general case analyzed in section ] and read the corresponding twist field couplings, we need
to use the properties of the complex structure. Let us first decompose Z’ in terms of its

d x d blocks
A B
7' = . 4.20
(C D) (420)

Hence it is simple to check that 7’ 2= yields

AB=-BD , and A= —(1+BC). (4.21)

3The apparent mismatch related to the presence of the wrapping numbers of the D-Branes in the
Wilson lines dependence of the couplings is resolved by checking that WlC{l) , WiCél) € [0,1] as well
as the parameters ¢; and 6; defined in [E]
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Then we choose a basis for the torus lattice where the combination H(Fy, — Fy)H takes

0 F
F = <—F 0 ) (4.22)

This can be done by putting the matrix F in the form of eq. (B-35) (thanks again to the
result of the appendix) and by a suitable relabeling of the rows and the columns. Notice

the following form

that this relabeling does not affect the form of the amplitude to be factorized. For sake of
brevity, we also introduce the 2d-components vector 3 = *Hp;. Then the general amplitude

to be factorized has the following form!*

T | 4 —BE  (i+A)F h
2 eXp{§ [(hl h2) <(z’—D)F( EF) ) (hi)

hiGZd

+ 27181y + 2 tﬁth} . (4.23)

As next step we need to perform a Poisson resummation

3 o-mihiBh42n i Bs _ L xtsps 3 o ha B hy —2mithy s (4.24)

hiezd v DetB g

on the first d components of h which we indicate with h;. So in our case we have
1 ot 1 -1 N c1p—1
B = §F B and s= 58 (A+1i)Fhy +iB™ " . (4.25)

The first exponential in the r.h.s. of the Poisson resummation formula (f£24) yields a
quadratic term in the vector hy, which can be combined with a similar contribution present

in the initial expression ([£.29)
%%F(z’ + TA) B + A)Fhy + g%zcﬁ‘hz =

- g%g [F(i VLB 4+ AV o+ CF] hs . (4.26)

Recalling that Z' Fisa symmetric matrix, it is not difficult to see that AF = —F'D. Some
algebraic manipulations involving these identities simplify the previous expression into

inthy B™Y(i + A)Fho. (4.27)
Hence the Poisson resummation performed on eq. (f.23) gives

% 3 exp {iw [tth_l(i + A)Fhy + 21 BBTLE 154
\/Det(2BF) h;ezd
+ o F(i + A FIB7I6 + B FT BT (i + A)Fhy
+2%2hg + 2i'hy BT E " hy — 2% BT (i + A)hy —
4i'hy tB_lﬁ_lﬁl]} . (4.28)

11n the following 4 indicates a d x d imaginary matrix: i = ilgxgq.
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In the following manipulations we will focus on the expression in the square brackets only.
It is useful to observe that the by redefining

v=F18 and k=F"'h (4.29)

and making use again of the identities mentioned earlier, involving the entries of the com-
plex structure and of F, one can rewrite the content of the square brackets above as

thQB_l(i + A)th + 2i t’le_lﬁ’yl + thQB_l(i + A)F’}/l +
+ 5B (i + A)Fhy 4+ 2'8yhy + 21 %kB~ Fk —
—2yB7 (i + A)Fk — 4i%kB 1 Fy, . (4.30)

As k in general is no longer a column of integers, it is convenient to write it distinguishing
its integer part from the remainder

k=r+FU, (4.31)
with r € Z% and 1, € 1, Fw]. Thus the expression above reads
2t (r + P - 71> iB~lF <r + P - 71) + heB (i 4+ A)Fhy +
2y B (i + A)F (7" F R ’yl) +2%shs . (4.32)
Finally, defining s = 7 — hy € Z¢, one has
t(r—i—pfll —’yl> Bil(i — A)F <7°—|—]3’711 —’yl) +2t(r+ﬁfll —’yl> B +
t(s + P - 71) Bl i+ AF <5 + P - 71> - Qt(s + P - 71) Ba . (4.33)
Thus the factorized amplitude reads

FO(O( B ]

SR A
A=Y L [P (o ) «
la=11/Det(2BF) L Pa |
EN =) | (me g

9 s (o\B (z+A)F> (4.34)

written in terms of d-dimensional Theta-functions
) [Z] (wlr) =Y exp [mi'(h + a)7(h + a) + 2mi (v + b)(h + a)] . (4.35)

heZd

Notice that the function in the second line of the eq. ({.34) is indeed the complex conjugate
of the one in the first line, as ', A and B are real d x d matrices since Z in eq. (X))
is real. This function is to be interpreted as the classical contribution to the Yukawa
couplings for three twisted states arising in a generic T%¢ compactification of string theory
with magnetised space filling D-Branes. The sum in front of the couplings reveals their
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multiplicity, given by DetF = Hi:l Fr. Finally for the sake of completeness let us write
the expression for the correlator between three twist fields (fixing one [, i.e. one particular
coupling) including also its quantum contribution with the convention € + €} + €5 = 1:19

3 d o i L
o) = I 11 [Py | peaem)
X0 Fl(;_ﬁl) (o\B—l(i—A)F>. (4.36)
2

We can check that this result is in agreement with the literature considering in particular
the multiplicity of the Yukawa couplings in the case of parallel fluxes, i.e. when all of
the boundaries are magnetized D-Branes with magnetic fields of the type (£.35) put in
the form (4.22). Notice that this setup can always be T-dualized into a configuration of
intersecting D-Branes on a 2d-dimensional torus that is not geometrically a direct product
of d T%’s. However in the counting of the non vanishing 3-point correlators between twisted
states the metric of the torus is not involved, and thus we expect this multiplicity is equal
to the one already calculated [ in fully factorizable models of D-Branes at angles on
(T?)?. Indeed following the steps of the previous subsection it is not difficult to see that
H = wjws/d, § being a diagonal matrix whose eigenvalues are the G.C.D.’s of the entries
of wy and wy as in eq. (R:43). Then by generalizing also the definition ([L11]) into a
diagonal matrix, with the same structure and the intersection numbers as entries, one has
F = Inwiw, /6%. Upon the straightforward generalization of the T-Duality in eq. (f.13)
F— 121]2()[01/52 where 0 now contains the G.C.D.’s of the entries of the three intersection
numbers and

= (4.37)

d
DetF _ H (p2aW0a - pOaW2a)(p0aW1a - plaWOQ)(pQQWIa - p2aW2a)
a=1
This number agrees with the product of the multiplicity of Yukawa couplings in each of
the T%'s inside the T%¢ defined by the form of the magnetic fields (see [[Z]).
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A. Generic and block-diagonal integer matrices

A generic integer 2d x 2d antisymmetric matrix M can always be put in a block-diagonal
form by means of a transformation of the type M — '*OMO, O being a unimodular integer
matrix.

In order to show that this is indeed the case one can observe that any antisymmetric

A B
e (42) "

where A and C are 2k x 2k and 2(d — k) x 2(d — k) antisymmetric matrices and B is a
rectangular 2k x 2(d — k) matrix, can be block diagonalized by

_q-1
o= (lx-4"B) (A.2)
0 lo@g—p)

matrix:

getting:

A 0
tfOMO = A.
OMO <0tBA_1B+C> (4-3)

Notice that each block of ‘OMO is also an antisymmetric matrix and that the determinant
of the matrix O is one. Since the form of ‘'OMO in eq. (A-) is independent of the choice
of k, one can use an iterative procedure to obtain the final block diagonal form always
choosing k = 1. Using this procedure d — 1 times one finds

0 ar 00 - -
tomo=| " ®<01(1)>, (A.4)

where: O = 0105 ...04_1. By a suitable permutation of the rows and of the columns of
the matrix above one can rewrite the transformed matrix as

, 0 M
TR s

If the matrix M has integer elements, the transformed matrix will be integer only if

where M = diag{a1,ag, ... ag}.

Det A = 1. We will now show that it is always possible to reduce to this case at any step of
the iterative procedure. Obviously, if at least one element of the matrix M is 1, it is enough
to suitably relabel the rows and the columns. Otherwise, if DetA # 1 we can distinguish
various cases. The simplest one is when in a row two elements are coprime. By relabeling
of the rows and the columns it is possible to put these elements (a and b) in the first row
as follows:

0 ab---

—a 0 ¢---

M=1 _y _c0...

(A.6)

,27,



Then it is easy to see that the unimodular integer matrix

100 0---
Oz —=b0---

Q= Oy a O--- , (A.7)
000 1---

with z, y solution of the Diophantine equation ax + by = 1, transforms M into:

. ~10 c--
M—'QMQ=| 4 _.o0... | (A.8)

which has DetA = 1.
If, instead, there is no row with two coprime elements, but in eq. (A.q) a # +b and
their greatest common denominator d is different from 1, one can repeat the previous step

with the matrix:
10 0 0---

b
0Oz —20--

Q=|0y g 0|, (A.9)
00 0 1--

where now x and y solve the Diophantine equation ax + by = d. This yields

Moo =] Pl (A.10)
= o —co... :

One has to apply this procedure (which does not change the other elements of the first row,
from the 4th column on) till the matrix is reduced to one of the following cases: either in
the first row of the transformed M there are two coprime non-vanishing entries, then one
can use the matrix ) to obtain a; = 1; or all of the non-zero elements there coincide with
+d. This is the case if for instance in the original matrix M the first row contained elements
which were all multiples of d. If there is any other row in the transformed matrix with two
different non-zero elements a # +b for which d is not a divisor, then, by exchanging rows
and columns among themselves, it is possible to bring this as the first row and reapply the
transformations encoded in @ or Q. Otherwise one can have two possible forms for the
transformed matrix. One possibility is that all of the elements of M are integer multiples

of d. In this case the common divisor d can be factored out to reduce to the case with
DetA = 1.
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The other possibility is that the matrix has diagonal blocks, in which all the elements
are multiple of different integers d;. If all the non trivial blocks are 2 x 2, we have got our
aim; otherwise we can factor out d; from the block of larger dimensions; for each of them
we are again reduced to the case with DetA = 1. Repeating the procedure, if needed, we
finally end to the matrix:

0 d 0 0--
—d; 0 0 0 ---
My=| 0 0 0 dy-- (A.11)

0 0 —dy O ---

with all integer elements.

Although this already is the final form we are after, for sake of completeness we recall
that the normal form of the initial matrix (A.4), as discussed in [Bf], has the further
property that an+1/aq € N, Va. In order to achieve this (even if it is not strictly necessary
for the computations considered here) one can use the following transformation

1000---
0100---

0010---

that mixes the d;’s and gives back a form that can be reduced by means of either QQ or @Q’.
Following this procedure, it is possible to convince oneself that the final matrix ([A.4)) entries
satisfy the property mentioned above, since one actually ends the repeated application of
Q, @', and Q" only if in the first 2 x 2 block there is a one, or if the matrix is proportional
to an integer as a whole.

Coming back to our main problem, we can now apply the procedure outlined in this
appendix to rewrite the quantized magnetic field (P.27) on a generic magnetized D-Brane
in the form (R.39). It is first convenient to define an integer matrix P associated to the

magnetic field (R.27)
P=F xmcm{wywy, M #N, VM,N=1,...,2d} =wF. (A.13)

where w is the minimum common multiple of all the pairs of wrappings that appear in the
denominators of eq. (R.27). The integer matrix P can now be transformed into a block-
diagonal form as in eq. (A.4) by means of an integer unimodular matrix O that preserves
the lattice of the torus as

P — tOPO = wtOFO = WFblock- (A14)

Hence Fioe will have the same form as eq. (@) with rational entries whose numerators
and denominators could still have factors in common. By expurgating these factors one
exactly recovers the form in eq. (R.35). First of all we will show that the phase factor in the
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boundary state (R.47) is not affected by the change of the fundamental cell in the lattice
torus performed in (A.14). It reads:

Ph — . oM SN| im M ~ N '
exp [m Z m™ Fy nm ] exp [w Z m™ Py N (A.15)
M<N M<N

where P is the integer matrix defined in (A:13), that we write in the form of eq. (A]). To
write it as a block diagonal matrix, we use the techniques just discussed; focusing at first

01
A= <_1 0> ’ (A.16)

let us consider how the phase Ph of (A.15) transforms under the substitution: m = O/,
with O as in eq. (A.Z). One gets:

on the simplest case with

- 2d 2d
Ny Ny Ny Ny Ny Ny
Ph = exp " 1y A1y + Z Bajm; Aoty — 1y Arg Z Byjm;
j=3 7j=3
2d 2d 2d
A ot ol ol ol A
— E ngmjAlgBlkmk + E mlBljmj + Z ngijlkmk
7,k=3 7=3 7,k=3
2d 2d 2d
o) Ny Ny Ny Ny Ny
+ ZmQngmj — Z Bljijkak + Z ijjkmk (Al?)
J=3 J,:k=3 k>j=3

By remembering that all the winding numbers ™Y

must be integer multiples of the cor-
responding wrapping numbers wy, one can check that, in spite of the denominator w, all
the terms in the exponent are integer multiples of iw. In fact combining the form of the
matrices (A.2) and ((A:13), one finds the following expressions for 1 = Om/

)
(3

2d
. ~ w m;
mip = mj + — E D2i—
w2 i3 %
1=

2d
A Ay w At
ma = Mg — — E p1imy;
wy “
=3
mi = 1m; (A.18)

In this case, in order to have the matrix A in the form ([A.16), it is necessary that p1o =1
and w = wjwy, hence, since from the last line of the previous equation 7 /w; must be
integer, it is also true, in the first and second line, that the transformed winding numbers
m'N are integer multiples of the wrapping numbers wy, VN = 1,2,...,2d. Thus each of
the terms in the sum ([A.17) is an integer number, as one can check for instance considering
the first term of the second line in eq. (A17); writing 'Y = m'Nwy with m'N € Z one
gets:

L wpyj , — wpik

! ! !
MW, ———My W = Po;M:P1pMy. € 7. A.19
5T gy TR P2 M P1ET, ( )
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So we can freely change the sign of each term in eq. ([A.17), obtaining

2d

/ / 1 !
Ph = . ~'M it ~'N - . " 2 )
exp |im Z m " (*OFO)ynm ™ + - Z B1jBajm; (A.20)
| \M<n j=3
[ 2d .
= exp |im Z m M(tOFO)MNﬁ“L N + Zpupw# , (A.21)
M<N j=3 J

where we have used the explicit expression of By; and Ba; in terms of the Chern numbers

p1; and po; and of the winding numbers; moreover we have taken into account the fact
I. pu—
J

written in terms of the transformed field ‘{OFO and of the transformed winding numbers

that (m;)2 has the same parity (even/odd) as m/ = 1 /w;. Thus the phase factor can be
m’s with the same functional form as the original one (JA.1f), with a half-integer shift of
the Wilson line when p1;p2; is odd.

If 'OFO is already block diagonal, we have ended our job, otherwise we have to repeat
the procedure. In an analogous fashion, if the entries of A are not equal to one, one can
check that the transformations related to the matrices in eq. (A7) and (A.9), involved in
reducing A to the form considered in the previous example, also preserve the form of the
phase factor up to half-integer Wilson lines. With similar manipulations it is also possible
to prove, in a basis in which (Fy — F) is block-diagonal, that the phase factors in eq. ([£4)
follow from those in eq. (.2). As usual, one has to introduce h € 72 by using 1y, = Hh;
then it is possible to check that the combination Y-, n (HR)M (Fo—Fy)pn (HR)Y is equal,
modulus two, to >, n AM [H(Fy — Fi)H]);y h7, apart from terms quadratic in h* that
can be reabsorbed into a half-integer shift of the Wilson lines.

Finally we mention that the transformations discussed in this appendix do not affect
the other contributions to the amplitude, in the effective field theory limit that we consider
for the factorization, if one suitably redefines the complex structure in eq. ({.2). Indeed
the combination ‘3 ZFrm; can be rewritten, by redefining my = Om/, as

W) 'OTFOm, = 'w} '0OT'0O " 'OFOm), = "W T Fyoaci), (A.22)

7 still being a good complex structure and Fijoqc being in the form @)
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